We examine the prediction of supersymmetric quantum mechanics that bands with identical gamma-ray energies occur in quartets. The experimental data suggest that this scenario is actually realized in nature. In the A = 150 mass region, four known pairs of isospectral bands can be grouped in two quartets, while there are indications of such patterns around A = 190. We introduce a small supersymmetry breaking, necessary to describe the details of the data. We derive relations among the transition rates that can be used to test our predictions.
We examine the prediction of supersymmetric quantum mechanics that bands with identical gamma-ray energies occur in quartets. The experimental data suggest that this scenario is actually realized in nature. In the A = 150 mass region, four known pairs of isospectral bands can be grouped in two quartets, while there are indications of such patterns around A = 190. We introduce a small supersymmetry breaking, necessary to describe the details of the data. We derive relations among the transition rates that can be used to test our predictions. In a recent letter [1] we showed that the remarkable identical gamma ray bands (isospectral gamma rays) seen in neighboring superdeformed nuclei [2, 3] have a natural description in terms of supersymmetric quantum mechanics (SSQM). The role of supersymmetry in superdeformed nuclei has not in general been emphasized except in [4] . The SSQM picture requires that bands with isospectral gamma rays in an even and neighboring odd nucleus be accompanied by two more isospectral bands, one in the odd nucleus and another in a neighboring even nucleus. As we have shown in [1] this is most naturally realized when the even nuclei differ by two nucleons. We also suggested that two of the bands actually occurred at a very high excitation energy, so that they would be unobservable in experiment. In this paper we point out that all four band might actually be observable. We show that the experimentally observed isospectral pairs can very naturally be grouped together in two quartets. We point out that two such quartets of gamma ray sequences have indeed been observed in superdeformed nuclei in the A = 150 mass region, although to our knowledge they have seldom been associated together [5, 6] . As could be expected, the quartets are not perfectly isospectral which suggests a small breaking of the supersymmetry.
In this paper we devise a simple form of supersymmetry breaking and show that this accounts for the bulk of the experimental data related to these quartets. Our work on symmetry breaking gives promise of making a connection between our approach and more microscopic ones. Because SSQM relates the four gamma ray cascades that make up the quartet, it also makes predictions about transition rates in the four bands. These are presented here to stimulate experimental interest when the new facilities to study superdeformed nuclei come on line [7] .
II. GAMMA RAY QUARTETS IN SUPERDEFORMED NUCLEI
The recently observed sequences of isospectral gamma rays in neighboring even and odd nuclei lead naturally to an interpretation in terms of supersymmetric quantum mechanics. As is well known SSQM is designed to have equal energy eigenvalues for bosonic (even nucleus) and fermionic (odd nucleus) states. In addition SSQM requires that the dimension of the bosonic part and the fermionic part of a given degenerate multiplet be identical. For the case of superdeformed nuclei this implies that for a given excitation energy the number of states in the even nucleus equals that in the neighboring odd nucleus. If the state in the even nucleus has angular momentum L (integer) and the corresponding state in the odd nucleus J (half integer), the degeneracies are 2L + 1 and 2J + 1, respectively. Of course these two numbers can never be equal. In [1] we showed that the state counting problem can be solved in the following way. Suppose the state in the odd nucleus is obtained by coupling one particle (or hole) with spin or pseudospin [8] 
to the corresponding state in the even nucleus. The angular momenta in the odd system are then J > = L + . Suppose further that in the even nucleus with two particles (or two holes) more than in the original even nucleus there is a level with angular momentum L. Now there are 2(2L + 1) even states and precisely the same number of odd states. These four states form a degenerate SSQM quartet. Transitions between sets of these states will lead to four isospectral gamma ray sequences, one in the even nucleus A, one in the other even nucleus A ± 2, and two in the odd A ± 1 nucleus. One of these last two is among the J > states and the other among the J < states. As we shall show below cross-over transitions between J < and J > are very small.
It is this quartet of gamma rays sequences that is the hallmark of SSQM. Let us examine two candidates. In Tables I and II we show that all four known isospectral pairs can be grouped in two of these quartets. In Table I we compare gamma ray sequences in four superdeformed bands in the adjacent nuclei 152 Dy, 151 Tb (twice) and 150 Gd [2, 9, 10, 11, 12] . As is well known spins have not been measured yet, and we have thus chosen spin assignments consistent with a SSQM interpretation. We have followed the spin assignments in the compilation [12] as closely as possible. We see that the four bands are very close in energy, but are not completely degenerate. In spite of the breaking of supersymmetry it is clear that the quartet bears the strong family resemblance suggested by SSQM. A second example of such a quartet is shown in Table II . Here the four bands are in 148 Gd, 147 Gd (twice), and 146 Gd [5, 6, 12, 13, 14] . Again the spins have been assigned to stress the SSQM connection, and again we see the general pattern of slightly broken SSQM. The pattern does seem to shift around L = 46, which is due to a level crossing that is not contained in the simple SSQM quartet picture. The crossing occurs in two bands that do not form an isospectral pair: the 1b-band in 146 Gd and the 1b-band in 147 Gd. Before the level crossing the last band is isospectral with the 1b-band in 148 Gd, and the first with the 2b-band in 147 Gd. As can be seen from Fig. 2 the nature of the crossing is very similar in both cases. Thus the band crossing stresses the correlation between the two isospectral pairs within the quartet. It suggests that a description in terms of two independent pairs of superdeformed bands is not adequate.
It would certainly be interesting to pursue the search for identical superdeformed bands [15] and investigate whether more supersymmetric quartets exist. There are preliminary indications that such quartets are present in the A = 190 mass region (see Table III ). Furthermore, it is very important to determine the spins experimentally. The spin assignments of SSQM are a central feature of the theory and their verification or refutation is crucial to test the application of supersymmetry to superdeformed nuclei. Note that the SSQM spin assignments do not always agree with other phenomenological determinations [16, 17] .
III. SSQM BREAKING
In a SSQM description the quartet of states discussed in Section II is degenerate. This degeneracy implies that the energy only depends on L. A small spin-orbit splitting will break the supersymmetry. At the algebraic level of our treatment it is irrelevant whether this is a spin-orbit or a pseudo-spin-orbit coupling. For each nucleus, we take a Hamiltonian of the form
where L is the angular momentum of the core and s is the spin (or pseudo-spin) of the odd particle (hole). The coefficients a i are inversely proportional to the moment of inertia in each nucleus. The strength of the spin-orbit coupling, b, is taken the same for each nucleus.
In the sequences we are considering (Tables I and II) [18] . If this departure is due to the extra hole (or extra particle), we expect a 2 = a 0 + 2ǫ L . With these expressions we find for the transition energies E γi (I) = E i (I) − E i (I − 2), where E i (I) is the excitation energy of the state with angular momentum I,
In this parametrization
Both in the case of Table I and Table II this difference is essentially zero. This relationship among the gamma ray sequences in the Gadolinium isotopes has been noted by Ragnarsson [6] but not in the context of SSQM and with different spin assignments. (We stop the comparison at L = 46 in Table II as discussed in the previous Section). We have no simple explanation for why
, but we see that for both Tables our  parametrization immediately gives 
) as seen. The parametrization also implies that E γ2 (L) − E γ0 (L) = 4ǫ independent of L and that too is fairly well born out in the Tables. We find for the nuclei of Table I , ǫ = −b/2 = −6.3 ± 1.3 keV, which should be compared to a 0 = 47 ± 1 keV. Thus the term proportional to ǫ is indeed a small perturbation in the expression for a 2 . Similarly, for Table II we find ǫ = −b/2 = 8.3 ± 0.6 keV and a 0 = 55 ± 3.
We see that a very simple approach to SSQM breaking based on a weak spin-orbit coupling and a slight difference in how moments of inertia change with added particles or holes accounts for the data of Tables I and II. Although at the moment we do not have a microscopic understanding of the pair wise equality of gamma ray energies,
, we have shown a mechanism in terms of a broken supersymmetry that exhibits this pattern. Whether the remaining degeneracy is accidental or the result of a deeper symmetry remains to be seen. It is our goal in this paper to show that we can realize the pattern of super-symmetry breaking apparent in the experimental data.
IV. TRANSITION STRENGTHS
In the tentative spin assignments in Table I and II we have assumed that the subsequent states in a superdeformed band differ by two units of angular momentum. If we further adopt a pseudo-spin picture in which the E2 transition operator is independent of the pseudospin, the ratio between the four possible intraband transition probabilities only depends on geometric factors from angular momentum algebra [19] . Again taking the B(E2) value in the A nucleus as a reference, we find the following relations for the intraband transitions
The transition probabilities in the even nuclei in the quartet are identical in this scheme.
For typical values of the angular momenta in superdeformed bands (see Tables I and II) the intraband transitions energies are nearly the same (isospectral). The related interband transition between the two bands in the odd nucleus,
is highly suppressed with respect to the intraband transitions for typical values of the angular momentum. The other interband transition from
is strictly forbidden for quadrupole radiation.
Following the notation of the previous section we label the bands by i = 0, 1±, 2. The ratio of the transition probabilities B ij only depends on a simple geometric factor B 00 :
. For typical values of L in superdeformed bands it is appropriate to take the large L limit for these ratios, giving 1 : 1 : 1 : 1 :
1 L 2 , which shows that for large L all intraband transition probabilities are equal and that the interband transition from depends on the same matrix element as the static quadrupole moments. With the quadrupole moment Q 0 (L) in the A nucleus as a reference we find
The ratio of the quadrupole moments of the states in the four superdeformed bands is then
, which shows that in the large L limit the quadrupole moments of the members of a quartet are identical. The E2 transition between the two states in the odd nucleus belonging to the same quartet is suppressed by 1/L 2 ,
The corresponding gamma ray energy for this transition is determined by the spin-orbit splitting, E γ = 1 2 b(2L + 1). The present data on lifetimes and quadrupole moments for superdeformed bands is still quite scarce [13, 14, 20, 21, 10] and it will be certainly interesting to check the above predictions when the technology develops to the point of accurate measurements of lifetimes.
We stress that our predictions do not depend on the details of the dynamics, but only on the SSQM prediction that the four states have nearly identical internal structures and therefore have the same reduced matrix elements for quadrupole transitions. They further depend on the assumption that the odd states are constructed by coupling a spin (or pseudospin) s = 1 2 to the orbital state. The symmetry breaking considered in the previous section is diagonal and does not affect the transition strengths. In spite of the weak nature of all these assumptions the connection of quartets across even and odd nuclei makes interesting and verifiable predictions.
These prediction should hold to high accuracy, and should not be confused with the much weaker relations that can be derived in the Bohr-Mottelson model for nuclei with roughly equal deformation.
V. PROSPECTS AND SUMMARY
Supersymmetric quantum mechanics relates states in odd and even neighboring nuclei. It describes a quartet of states across nuclei with A (even) nucleons, (A + 1) and (A + 2) nucleons that are degenerate and hence lead to four isospectral bands in the nuclei, one each in the A and (A + 2) nuclei and two in the (A + 1) nucleus. Although, we pointed out [1] that other realizations of SSQM are possible, it seems that the A, (A + 1), (A + 2) scheme is not only the most natural, but is actually realized in nature. In this paper we have shown that two examples of such quartets appear to exist in the data although they have seldom been regrouped to emphasize the SSQM connection. It may very well be that these quartets of gamma ray sequences in superdeformed nuclei are the best example of supersymmetry so far discovered in physics.
We have tried to realize the breaking of supersymmetry in the simplest possible way, in order to describe the experimental data. We have not attempted to derive the symmetry from an underlying microscopic Hamiltonian. Such an approach would be complementary to our approach, but it seems highly unlikely that current mean-field techniques can give the required accuracy.
Our approach makes definite assumptions about the spins of the related states and predicts equal transition strengths across the quartets. New experiments with EUROBALL and GAMMASPHERE could be very helpful in checking the spin assignments and the predictions for the transition strengths, as well as in discovering possible new examples of quartets of superdeformed bands. As we have already stated, there are indications of such quartets in the A = 190 mass region. One can look either for isotopic or isotonic quartets. The presently available data [12] suggests two examples. The better of the two is an isotopic Z = 80 quartet composed of the superdeformed band in 192 Hg [22] [24, 25, 26] ) in 194 Hg. This is displayed in Table III where the equality between the quantities ∆E γ01 and ∆E γ12 holds within the experimental uncertainties. We obtain ǫ = −0.05 ± 0.48 keV and b = 8.85 ± 2.35 keV. Note also that by shifting the spin of the last two bands up by two units, the pattern remains the same but the values of the symmetry breaking parameters ǫ and b are changed to 9.3±0.42 keV and −9.85±2.19 keV, respectively. An other possibility may be the isotonic N = 112 quartet made of [22] . Further investigations around mass 192 would be very valuable to clarify these points.
To summarize, our SSQM description is not cast in terms of microscopic variables. Some of the dynamics comes in via the symmetry breaking. The quartet multiplets are not perfectly isospectral. Most of this symmetry breaking can be accounted for by a small (pseudo-)spin orbit term and by some very simple L-dependent change in the moments of inertia. These correction terms should begin to give some insight into the connection between SSQM dynamics and the more conventional dynamical avenues [29, 30, 26] . 
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